APPLICATION OF DIFFERENTIATION
CLASS XIlI (2025-26) SUJIITHKUMAR KP

TYPE -1

Radius of a variable circle is changing at the rate of 5 cm/s. What is the radius of the circle at a time when
its area is changing at the rate of 100 cm?/s?

The area A of a circle with radius r is given by 4 = nr?

dA dr
—=2nr— = 100 = 2mnr X5
dt dt
10
>r==

A
Find the point on the curve y = x2, where the rate of change of x-coordinate is equal to the rate of
change of y-coordinate.

ANS:y = x2 =2 = o &
dt dt

dy _dx
dt  dt

=1=2x :x=% = point is G,%)
The side of an equilateral triangle is increasing at the rate of 0.5 cm/s. Find the rate of increase of its

perimeter
Let the side of the triangle be x

Then Z—? =0.5cm/s

P=3a=>°=3%=3%05=15cm/s
If the rate of change of volume of a sphere is equal to the rate of change of its radius, then find the radius
Given ¥ =&
dt dt
V=23 sam2xE= &
3 dt dt

1 1.
4ri =1= r2=— = r = —units
41T 2\Vm

A stone is dropped into a quiet lake and waves move in circles at a speed of 5 cm per second. At the
instant when the radius of the circular wave is 8 cm, how fast is the enclosed area increasing?
Let r = radius of circular wave A = area.

ar
e 5cm/s

dA d
A= mr? :>E=2m‘d—: = 2nr X5 = 10nr

d_A
dt 3
A balloon which always remains spherical has a variable diameter > (2x + 1) . Find the rate of change of

its volume with respect to x.

atr =8 = 10w X 8 = 80mcm?/s
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Diameter of the balloon % (2x+1)

Radius of the balloon = = (2x + 1)

3
2 (3 -2 3
V—3T[<4 (2x+1)) —16n(2x+1)

wvo_2 2 = Z 2
” —167TX3(23C+1) . T(2x + 1)

A spherical balloon is being inflated by pumping in 16 cm®/s of gas. At the instant when balloon contains

36m cm® of gas, how fast is its radius increasing?

Y~ 16 cm3/s
dt

V=§T[T3=36TL'

av dr
— = 4qr? —
dt dt

d 16
> Zatr=3 = = 0.14cm/s
dt 41 X9

A particle moves along the curve 6y = x3 + 2. Find the points on the curve at which the y-coordinate is
changing 8 times as fast as the x-coordinate

d d . .
d—i: 8 d—’; Given curve is 6y = x3 + 2

Now substituting the value of x in the given equation of the curve, we get

y=11, - 33—1 Hence, points are (4, 11) and (—4, —%)
The side of an equilateral triangle is increasing at the rate of 2 cm/s. At what rate is its area increasing
when the side of the triangle is 20 cm?

Let side of equilateral triangle be x. A = Exz
4
/ dA _ 3 dx _
§ \K E—TXZXXE—\/gX
N\, Z—‘: at x = 20 = 20v/3cm?/s
4
&= cm/sec

dt
The length x of a rectangle is decreasing at the rate of 5 cm/minute and the width y is increasing at the rate

of 4 cm/minute. When x =8 cm and y = 6 cm, find the rate of change of (a) the perimeter, and (b) the area
of the rectangle
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- 5 cm/ min, L g cm/min
dt dt
(@ Perimeter of the rectangle P = 2(x + y)

dP _ (dx | dy\ _ . _ .
E—Z(dt+dt)—2( 5+4) = —2cm/min

(b) Area of rectangle A =xy

dA dy
— =X X— X
dt+y

dx
— — =4x — 5y

at

Z—': atx=8andy =6= 32—30=2cm?/min

A man 160 cm tall walks away from a source of light situated at the top of the pole 6m high, at the rate of
1.1 m/s. How fast is the length of his shadow increasing when he is 1m away from the pole?

(Ans: 0.4 m/s)
Sand is pouring from a pipe at the rate of 12 cm®/s. The falling sand forms a cone on the ground in such a
way that the height of the cone is always one-sixth of the radius of the base. How fast is the height of the
sand cone increasing when the height is 4 cm?
Let h = be the height , V be the volume and r the radius of the base of the cone at time t.

h=%r =>7r =6h
av

av _ 3
— S 12cm? /s

Vv :g nr2h §H(6h)2h — 127h3

av dh dh dh 1
— =12m.3h?x— =212 =367h? X — = — =

dt dt dt dt 3mh?
dh . 1 1

— at h = 4is =—cm/s

dt 3mwXx16 481

A ladder 5 m long is leaning against a wall. The bottom of the ladder is pulled along the ground, away
from the wall, at the rate of 2 cm/s. How fast is its height on the wall decreasing when the foot of the
ladder is 4 m away from the wall?
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Let foot of the ladder be x m awav from the wall and y 1S height at ume £.

dx :
— =2 cm/s ..(2)
dt
Wehavex +y =25 = y=+25—-x"
dy 1 dx -2 :
e —‘)(— 2x)—= —— [from (2 )]
dt  9./95 dt /95—y B
dy -8 8 4
- = ————=——cm/s 5m
dt k=2 25-16 3 YL
. . . 8
Hence. Height 1s decreasing at the rate of = cm/s. x5 4
3 o) X—> 2 cmis

2D
At what point of the ellipse 16x* + 9y* = 400, does the ordinate decrease at the same rate at which the
abscissa increases?

Let the point be (x, y) then % - &

dt

Differentiating both sides of the ellipse 16x* + 9y* = 400 w.r.t. t, we get
1620 Z 418y 2 =0 o> Z = I & 459
X Yar = - "dt X=7y

Substituting in curve, we get

16x2+2222 =400 = 22 =9 >x= 43 theny =+

Points are (3%) and (—3,—%)

An edge of a variable cube is increasing at the rate of 5cm per second. How fast is the volume increasing

when the side is 15cm?

ANS: let x be the edge V be the volume.
Z—:=5cm/s,x=15cm V=x3
av

— =3 X 152 = 3375 cm3/sec

TYPE -2
Define increasing and decreasing functions.

ANS: A function is said to be an increasing function if the value of y increases with the increase in x.
A function is said to be a decreasing function if the value of y decreases with the increase in x.

\ / 1 /




As we move from left to right,
As we move from left to right, the height of the graph decreases
the height of the graph increases
Show that the function given by f (x) = 7x - 3 isincreasing on R.
ANS:
Let x; and x, be any two numbers in R. Then
X1 <X, =>7x1<7x,
7x1—3 <7x,—3
f 1) <f(xz)
it follows that f is strictly increasing on R.
Find the intervals in which the function f givenby f (x) = x? - 4x + 6 is (a) increasing (b) decreasing

ANS: f(x) = x*-4x + 6
f'x)=2x—4, f'(x)=0
2x—4=0=>x=2

gives x = 2. Now the point x = 2 divides the real line into two disjoint intervals namely (- oo, 2) and (2,
(0 0]

)
In(—o0,2) ,2x —4 <0, fisdecreasing in this interval
in (2, ), 2x —4 > 0, fis increasing in this interval.
Find the intervals in which the function f given by f(x) =4x3 —6x2? — 72x+ 30 is
(@) increasing (b) decreasing.

ANS: f(x) =4x3—6x? —72x+30 Interval Sign of f'(x) Nature of
f’(x) = 12x2 —12x—-72 function
— 2 _ .
; 1122((;6 B 3)x(X +6§) (—00,—2) + fisincreasing
f'x) =0 =2x=3, x=-2 (-2,3) - fis decreasing
The points x = — 2 and x = 3 divides the
real line into (3, ) + fisincreasing

three disjoint intervals, namely,
(~00,-2), (-2,3) and (3, ).

. . N The function f is increasing in the intervals
—o0 -2 3 +o0 (_ 00, — 2)1 and (31 OO)
) while the function is decreasing in the interval
f(x) = 12(x-3) (x + 2) (-2,3).

Prove that the function f (x) = x3 - 3x% 4+ 3x + 107 is increasing in R.
ANS: f'(x) = 3x?-6x + 3 = 3(x*-2x + 1)
=3(x - 1)% > 0. Hence, function is increasing in R.
Show that the following functions are strictly increasing f(x) = x3 — 3x? + 4x
ANS: f(x) = x3—3x% + 4x
f'(x) =3x%2—6x+4
=3x?-2x+1)+1=3x—-1)2%?+1>0
Show that the function f(x) = x* — 5x + 1 is neither increasing nor decreasing in [0, 5].
ANS:  f(x) = x2-5x+ 1, f'(x)=2x-5
2x—=5=0>x= g

For (0,2),f(x)<0
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f(x) = x* - 5x + 1lisdecreasing.
For (g , 5) f'(x)>0
f(x) =x? - 5x + 1 is increasing.
TRY YOURSELF
1. Find the intervals in which the function f given by
f (x) = 2x% —3xis (a) increasing (b) decreasing
2. Find the intervals in which the function f given by f (x) =2 x3 -3 x2 - 36x + 7 is
(@) increasing (b) decreasing
3. Prove that the function f given by f (x) = x? — x + 1 is neither strictly increasing nor decreasing on
-1,2).
4) Find the intervals in which the function f given by (a) increasing (b) decreasing.
i) f(x) = x®—3x%+3x—100
i) f(x) = 4x3 —6x* +3x + 12
i) f(x) = x> —6x% +12x — 16
Find the maximum and minimum values if any of the function given by f(x) = - (x — 1)* + 10.
(x-1)*=0

—(x—-1)%<0for x€R

~(x-1%*+10<10
f(x) < 10,

Maximum value = 10.
Minimum value = nil.
Find the maximum and minimum values if any of the function given by f(x) =sin 2x + 5.
—1<sin2x<1
—1+5<sin2x+5<1+5

4<sin2x+5<6.
Maximum value = 6,
Minimum value = 4.
Find the maximum and minimum values, if any, of the function given by f(x) = | sin4x + 3 |
f(x) =|sin4x + 3|
—1<sin4x<1
2<sin4x+3<4
2 <|sin4x+3|<4.
Minimum value = 2, Maximum value = 4.
Find the maximum and minimum value of the function y=|x-3|+7,Xx€R
x—3[>0 X—=3|+7>7

y=7
minimum value = 7, no maximum value
Find the least value of ‘a’ such that the function f(x) = x* + ax + 1 is strictly increasing on [1, 2].
ANS :
flx) = x> + ax + 1

Differentiating both sides w.r.t. X, we get
f'(x)=2x +a,
1<x<2. 2<2x<4
2+a<2x+a<4+a
ord+a>2x+a>2+a
For increasing f '(x) > 0
for leastvalue2 +a=0 a=-2
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Find the intervals in which the function f given by f(x) = %x“ —g x3 —3x% + % x+11is
(i) strictly increasing (ii) strictly decreasing.

—3,4_%,3_ .2 436 —c0,~2) | (=21 1,3 3,0
f(x) 10x65x123x +5x3+611 ( ) ( ) | (1,3) | ( )
6f’(x):§x3—?X2—6x+? (x—1) = = = >
=§(x3—2x2—5x+6) (x—3) — ~ = +
=D x—3)(x+2 (x+2) - + + +

5
ffx)=0=>x=1,x=3,x=-2 signof f'(x) - + - -

Increasing in (—2,1) U (3, )
decreasing in (—o0,—2) U (1,3)
Find the intervals in which the function f given by f(x) = 8 + 36x + 3x* — 2’ is increasing or decreasing.

f'(x) =— 6x° + 6x + 36

=—6(x*—x—6) x < —2 —2<x<3 x >3
=-6(x-3)(x+2)... —6 - — =
f'x)=0 , X=-2,3 v —3 _ _ i
x+2 — + +
sign of f'(x) - + -

Function increasing for (- 2, 3);
decreasing for _
(_ oo, — 2) U (3’ oo)_ decreasing

Find the intervals in which the functionf given by f(x) = sin3x,x € [0, g]is (i) increasing (i)
decreasing.

ANS: Increasing for (0, %) and decreasing for (gﬁ)

2
It is given that at x = 1, the function f(x) = x* - 62x? + ax + 9 attains its maximum value on the
interval [0, 2]. Find the value of a.
f'(x) = 4x® — 124x + a, for a point of maximum
fi(1)=0
4-124+ a=0
a=120
Show that the function f(x) = log |cos x| is strictly decreasing in (O, g)

Increasing/ [’ T &

f'(x) =-tan x,
Y
tan x > 0 for (0, E)'
f'(x)=—tanx<0
Hence, function is strictly decreasing
Find the intervals in which the function f given by f(x) = x — sin x in [0, 27] is increasing or decreasing

ANS: f'(x) =1-cosx =2 sin? ;—C , always positive, increasing in [0, 27].
Show that the function tan~(cosx + sinx) is strictly increasing on (0, %)
ANS:y = tan~!(cosx + sinx)
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dy 1
dx 14 (cosx + sinx)?

_ —sinx+cosx
1+ (cosx+sinx)?

1+ (cosx + sinx)? >0

d —sinx+cosx .
—yz—,>0 = cosx — sinx > 0
dx 1+ (cosx+sinx)?
cosx > sinx
T
=> X € (O, Z)

Show that the function f(x) = log sinx is strictly increasing on (0, g) strictly decreasing on (

Ans : f(x) = log sinx
f'(x) = cotx

X € (0, g) cotx >0, f'(x) > 0
- . - i
f(x) is increasing on (0, ;)
X € (g, n) ,cotx <0, f'(x)<0
f(x) is decreasing on ( % n)
Which of the following functions are strictly decreasing on (0, g)
1) cosx 1) cos2x ii) cos3x V) tanx
ANS: i) y= cosx = Z—i’ = —sinx < 0, = strictly decreasing

i) y=cos2x = Z—z = —2sin2x

xe(o, g):0<x<§

0<2x<m

sin2x >0 = —2sin2x < 0=
strictly decreasing

i) y = cos3x

= ey —3 sin3x

dx
xe(O,f):O<x<E, 0<3x<Z
2 2 2

3x € (O, n) then sin3x > 0

—3 sin3x < 0 = f(x) is decreasing on (0, g)

3x € (n, 3771) then sin3x <0

—3 sin3x > 0 f(x) is increasing.
HOME WORK
1.Find the intervals in which the function f given by

f(x) = x® — x? — 1isincreasing or decreasing.
ANS: increasing on (—oo, 0) U (4,00) decreasing on (0, 4)

2.Find the intervals in which the function f given by f(x) = —2x3 —9x2 — 12x + 1 is increasing or

(—sinx + cosx)

N
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decreasing

ANS: increasing on (=2, —1) decreasing on (—o, —2) U (=1, )

3. Find the intervals in which the function

fx) = ’2—C+§ , x # 0 is strictly increasing or decreasing

ANS: increasing on (—o, —2) U (2,00) decreasing on (-2, 2)

4. Find the intervals in which the function

f(x) = x* — 2x? is strictly increasing or decreasing.

ANS: increasing on (—1, 0) U (1,0) decreasing on(—c, — 1)U (0,1)

5.Find the intervals in which the function f given by f(x) = 2x3 - 9x2 + 12x + 15 is strictly

increasing or strictly decreasing.
ANS:1 Strictly increasing for (—oo, 1) U (2, ), strictly decreasing in (1, 2)

6. Prove that the function f(x) = x3- 3x? + 3x + 107 isincreasing in R.
ANS:
f'(x)=3x%-6x + 3 = 3(x2-2x + 1)
=3(x—1)>>0. Hence, function is increasing in R.
Find the local maximum and local minimum values of the function f(x) = sinx + %cost, 0<x< %

flx) = sinx+%c052x, 0<x <§

f'(x) = cosx +% (—2sin2x) = cosx — sin2x
f'(x) =0 then

cosx —sin2x =0

cosx(1—2sinx) =0 , cosx =0,sinx =

3
Local max. value = = at%

(T _ H - T
f (5) =1>0 |, Local min.value =1/2 at .

A window has the shape of a rectangle surmounted by an

equilateral triangle. If the perimeter of the window is 12 m,

We need to find the dimensions of the rectangle that will X
produce the largest area of the window using second

derivative test. A D
Let x m be the side of the equilateral triangle, and y m. be
the length of the rectangle and Area of the window is A sq.
m. Y .

5

Let x m be the side of the equilateral triangle, and y m. be

N
the length of the rectangle. (6—3x)+===0

Perimeter of the window = 3x + 2y = 12 12—6x+V3x=0
=y =2 x= 22U L (g9 gy 4 32
YT "~ 6-V3dx 2 2

V3x2 dzA V3

, _ =_3+¥
Area of the window , A =xy +— 2= 3t <0
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A=x (12_3x) + Yox” = (12x_3x2) + V3x? A is maximum when x = —=

2 4 2 4 6—/3
44 _1 19 6yx) + 03 y=""lie. 2y=12-3x=12-
dx 2 2
36 _ 72-12v3-36
63 6—V3
#o0o2@a2-60) +BE=0 _omees 12
2 2 y 6-v3_ ' 6-V3

Given the graph of the function:

f(x)=x3- 6x2 +9x + 15. e

i) Find the critical point of the function.

i) Find all the points of local maxima and local minima

of the function. ;

iii) Find local minimum or local maximum values.
OR

Find the intervals in which the function is strictly

increasing/strictly decreasing.

ANS: i) f'(x) =3x2=12x+9
ff(x)=3(x%?—4x+3)=0(x—-1)x—-3)=0

x=1 x=3
i) f"(x)=6x —12
f"1)=6—-12=-6<0 ,x = 1isalocal maximum.

f"3)=6%x3—-12=6 >0, x = 3is alocal minimum
iii) local maximum valueis f(1) = 13- 6 x 12 +9 + 15 =19
local minimum valueis f(3) = 33 -6x32+9%x3 +15=15

OR

ff(x) =3x%?—4x+3))=0(x—-1)(x—-3)=0

x=1 x=3

Intervals are (—o0,1) (1, 3), (3, =)
Interval Sign of f'(x)
(—,1) + ve Increasing
1, 3) —ve decreasing
(3, ) + ve Increasing

Increasing in (— o0 ,1) U (3,0) , decreasing in (1, 3)
The radius r cm of a blot of ink is increasing at the rate of 1.5 mm/sec. Find the rate at which the area A is
increasing after 4 sec. ( Ans: 0.18 mcm? /sec)

Find the intervals in which the function f given by f(x) = 8 + 36x + 3x* — 2x* is increasing or decreasing.
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f'(X) = — 6X°* + 6x + 36 ¥<-2 |-2<x<3| x>3

=~ 6(x* — X — 6) g — B -
=—6(x—-3)(x+2).. - - -

f'g=0 , x=-2,3 A= +

Function increasing for (— 2, 3); decreasing x+2 = - +

for sign of f(x) = " =

—00,—2) U (3, «).
( ) ( ) Increasing/ l 1 i
decreasing

Separate (0, g) into subintervals in which the function f(x) = sin3x is increasing or decreasing
ANS: f(x) = sin3x
f'(x) = 3cos3x
f'(x) >0, cos3x >0
0 <x<Z=0<3x<T
f(x) = sin3x is increasing on
0 <3x<Z ie0 <x<=
f(x) = sin3x decreasing on
Z<3x <

e T<x< i
6 2

Find all points of local maxima and local minima of the function f given by y = x2. Find also local
minimum or local maximum values.

ANS: First derivative Test

y=f) =« ,
Yy _ ’ _ f
da—f(x)—Zx, ‘ /
d—i’:o = 2x =0 = x = 0, critical value is x = 0 /

For x slightly less than 0, say —% 2 /|

b A
f(=3)=2(-3)=-1<0 | ™
For x slightly greater than 0, say 1 : ‘ Sl
') =2(1)=2 >0
f'(x) changes sign from —ve to + ve as
x increases through 0.

x = 0isa local minimum and corresponding minimum
value is f(0) = 02 = 0. Second derivative Test,
y=fx) = x?

dy r _

2= f(x) = 2x,

f"(x)=2 >0 so,x = 0isalocal minimum and
corresponding minimum value is f(0) = 0.

Using First derivative Test, find all points of local maxima and local minima of the function f given by

f (x) = x3- 3x + 3. Find also local minimum or local maximum values
f(x)=x3- 3x + 3.
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f'x)=3x2-3=3(x-1(x+ 1)

f'X)=0= x=1 andx=-1.

Thus, x = £ 1 are the only critical points ,

for values close to 1 and to the left of 1, (say x = 0)
f'(x) <0.

for values close to 1 and to the right of 1, (say x = 2)
f'(x) >0 and

Therefore, by first derivative test, x =1 is a point
of local minima and local minimum value is
f(1)=13-3 + 3=1
f'(x)=3x2-3=3(x-1)(x + 1)

For x =-1,

f'(x) > 0, for values close to and to the left of -1
(say -2)

and f'(x) <0, for values close to and to the right of
—1 (say 0)

Therefore, by first derivative test, x = — 1 is a point
of local maxima.

local maximum value is f (-1) =5

f(x)=x3-3x + 3

Using second derivative test, find local maximum and local minimum values of the function f given by

f(x)=3x*+4x3 — 12x% + 12.
ANS: f'(x) =12 x3 + 12x2 — 24x =
12x (x- 1) (x + 2)

or f'x)=0

at x =0, x = land x = - 2.

Now f "(x) =36 x2 + 24x - 24 = 12 (3 x?
+2x - 2)

f"0)=-2 <0

f"(1)=12(3%x124+2x1-2)=36>0
f"(—2)=12[3 X (-2)?2+2%x (-2)- 2] =

72 >0

by second derivative test, x = 0 is a point of local
maxima and

local maximum value of fatx =0 is f (0) = 12
while x =1 and x = — 2 are the points of local
minima and

local minimum values of fat x=—1and — 2 are
f(1)=7andf (-2) =-20,

respectively.

15

—20

Find all the points of local maxima and local minima of the function f given by
f(x) = x3- 6x% +9x + 15. Find also local minimum or local maximum values.



ANS: f'(x) =3x2—-12x+9 ba
ff(x)=3(x%?-4x+3)=0(x—-1D(kx-3) =

Ox=1,x=3

f"(x)=6x—12 16
f"(1)=6-12=—-6<0
f"(3)=6x3—12=6>0
f(x)=x3- 6x%+9x + 15

12

x = 1is alocal maximum.
local maximum value is
f(H)=13-6x1249 +15=19

x = 3 is alocal minimum
local minimum value is
f(3) = 33-6%x3249%x3 +15=15

local maximum value=19atx = 1, —2
local minimum value = 15at x = 3

Find the local minimum local minimum value y = x° — 5x* + 5x3 — 1
y= x5—5x*+5x3-1 Z—z=5x4—20x3+15x2

= 5x2(x? — 4x + 3) = 5 x?(x -1)(x -3)
Y _y, 5x%(x? —4x +3)=0,

dx

x=0,x=1x=3
a’y _ 3 2
— = 20x°-60 x“+ 30 x
4

d—z atx=01is 0

dx ]

Test fails ,

Go back to first derivative test.
& _ e 20, . .
TS 5x4(x -1)(x -3)
azy _ 3 2
= 20x°-60 x“+ 30 x

dx?

When x slightly less than 0, 2 > 0
When x slightly greater than 0 Z—z >0

Z—i’ does not change sign as x increases through 0

y is neither max. nor min. at x = 0.

£Y atx=11is20-60+30=—10 <0

x = 1is a point of local max. and local max. value is
y=1"-5x1*+5x13-1=0

&y atx =3

dx?

is 20 x 33-60 x 3%+ 30 x 3 =540 -540 + 90> 0
At x = 3 point of local minimum.
local minimum value is
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y=3>-5x3*+5x3%-1
y = 243-405+135-1=—28
HOME WORK
Find all the points of local maxima and local minima of the function f given below. Find also local
minimum or local maximum values.

1.x3—3x

ANS: local maximum value =2 at x = —1,
local minimumvalue = —2atx =1

2. (x — D(x + 2)?

ANS: local maximum value =2 at x = —1,

local minimum value=-2at x =1
3. I+ z , x>0
2 X
ANS: local minimum value=2at x = 2

(x = -2 discarded)
1

. m,
ANS: local maximum value =% at x = 0.
5. 2x3—21x%+36x —20
ANS: local maximum value = -3 at x =1

local minimum value =-128 at x = 6
6. Find the local maxima and local minima of the cubic function f(x)= x3 — 3x% — 9x + 2. Find also
local minimum or local maximum values.
ANS : Max at x=-1 Max. value is 7
Min.at x=2  Min. value is -20
7. Find the local extrema points of the function
f(x)= (x—a)e*, where a is an arbitrary real number.
ANS: Local Min. (a — 1, —e% 1)
Find all the points of local maxima and local minima, if any, of the function f given by
f (x) =sin*x + cos*x, 0 <x < g Find also local minimum or local maximum values.
ANS: f(x) =sin*x + cos*x, 0 <x < %
f'(x) = 4 sin3x cosx — 4 cos3x sinx
= 4sinx cosx(sin’*x — cos?x)
= —2 (2sinx. cosx)(cos*x — sin’x)
= —2sin2x.cos2x
f'(x) = = —sindx
f"(x) = —4 cos4x
For local maximum or minimum, f'(x) =0
= —2 (2sinx. cosx)(cos?x — sin’x) =0
cos’x —sin>x=0= tan’x=1 =>x = %
ANS: f(x) =sin*x + cos*x, 0 <x < g
f'(x) = 4 sin3x cosx — 4 cos3x sinx
= 4sinx cosx(sin’x — cos?x)
= —2 (2sinx. cosx)(cos*x — sin®x)
= —2sin2x.cos2x
f'(x) = = —sindx
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f"(x) = —4 cos4x

For local maximum or minimum, f'(x) =0
= —2 (2sinx. cosx)(cos?x — sin’x) =0
cos’x —sin®x=0= tan’x=1 =>x = %

Find the local maximum and the local minimum values, if any, for the function f(x) = sin2x - x, in—

gS X Sg . Also indicate the points at which local maximum and local minimum exist.

ANS: f(x) = sin2x- x
f'(x) = 2cos2x — 1
f'x)=0= 2cos2x—1=0

= c0s2x = %

= 2x = ig

> x== %

f'(x) = 2cos2x — 1
f"(x) = —4sin2x

_ T (T _ . T E
atx= -, f (6)— 4sins=—4x—-<0
T T —TT \/§
x=——, f'(-2)=—4sin——=4x—5>0
- 6 f‘ ( 6) L 3 2
local maximumatx = =,
H — A . s Y
maximum value = f (E) = sin (2 x g) -z
V3 ox
2 6
- -
local minimum at x = —
minimum value = f(_?") = sin (2 X ‘Tj’) + % :g_ \/2_5

Find the absolute maximum value and the absolute minimum value for the
function (x) = sinx + cosx x € [0, ).
ANS: f'(x)=cosx- sinx
For absolute maximum or minimum f'(x) =0
cosx-sinx = 0
S (c0SXx = Sinx=> x = %
f(0) = sin0 + cos0 =1

f(m) = sinm + cosm=—1
s T yia
f(Z) = sinz + cosZ=\/§

absolute maximum value is /2 at x :%

absolute minimum value is—1 at x=m
Find the absolute maximum value and the absolute minimum value for the function

f(x)=j;_i1 0<x<?2
VaZ+1 . 1-(x+1)—2=
ANS: f'(x) = abins

x2+1
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_ o x?+1-x%-x _  1—x

(x2+1)% - (x2+1)%
f'(x)=0=> x=1

Critical valueisx =1 whichis0 <x <2
x+1

f) ===
f(0)=1
f(1) =v2 (1.414)

3

F@) = =3

absolute maximum value is V2 at x =1
absolute minimum value is 1atx=0
At what points in the interval [0, 2] does the function sin2x attain its maximum .

ANS: f(x) = sin2x
f'(X) = 2 cos2x
f'X)=0 = 2cos2x =0

m 3mr 5w 7w

critical values of sin2x in [0,2n] are
T 3_7t 5t 7w
4’ 4

4

") = sin2 (%") =1

f(m) =sint =0
bis 5m . .
At (—, 1) , (—, 1 ) the function attains max. values
4 4

What is the maximum value of the function sinx + cosx.

ANS: f(x) = sinx + cosx.
f'(X) = cosx — sinx
f'X) =0 =cosx —sinx=0 x = %

f"”(X) = — sinx — cosx
f"(%) = — sin%— cos%: —2<0
T LT T
f(Z) = sing + cos = V2.
Prove that the following function do not have maxima or minima.
i) eX i) logx ii)x+2 iv)x>+x%+x+1
ANS: i) y=e*
W px

dx
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d f . . .-
ﬁ =0 , e* =0 which is not possible for any real x. so no critical value of e”*.

i) y=logx
dy 1

ax  x

Z_Z =0 , % = 0 which is not possible for any real x.

HOME WORK

1) Find the maximum value of 2x? — 24x + 107 in the interval [1,3].

ANS: 89 atx =3

2) Find all points of local maxima and local minima , if any, of f(x) = x3 — 6x% + 9x + 7 Also find the
max. min. values .

ANS: 1latx=1, 7atx=3

3) Find all points of local maxima and local minima , if any, of the following function . Also find the max,
min. values.

i) f(x) = 2x3 — 24x + 107

i) f(x)= x> +4x*—-3x+1

i) f(x) = 3x3—4x+2

iv) f(x) = 2x3 —3x%2 —12x + 4

4) Find all points of local maxima and local minima , if any, of the following function . Also find the max,
min. values.

4
i)y = xle x# 1
i) y = sinx —cosx, 0 < x < 2m

5 Find the local extrema of the function
f(x) = x* —8x3 +22x% —24x + 1
ANS: Minimum-8atx=1,x=3
Maximum —7 atx =2
Show that of all the rectangles of given area the square has the smallest perimeter.

ANS: A=xy (given),P=2(x + y)=

A
2(X+;)
dP A
w=2(1-5%)
dP A
L=0> 2(1—x—2)_ 0

>A=x2> x=VA y

a’P _ 44
dx?  x3
d—’:atx—\/Z>O x
X

Hence, perimeter is minimum for x = VA

iex?=A=xy

= x =y, rectangle is a square.

An open tank with a square base and vertical sides is to be constructed from a metal sheet so as to hold a

given quantity of water. Show that the cost of the material will be the least when the depth of the tank is
half of its width.
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ANS :
Let x be the side of the square base and y be height of
the tank

V=x2y ... @ ; S=4xy + x2........ (i)
y=:—2 sub. in (ii) S:4x.;—2 + x2

s=% 1 x2 differentiate, == 2 424
X dx X

2

d - .
B0 +2x=0 > —4v+2x3=0 ie
dx x
2v = x3
as 4v
=== 4
dx x2 2x
d?s _ —4v(-2) _ 8y
dx2_2 e +2= x3+2
d . 8
—atx}*=2vis —+2 >0
dx 2v

surface area is minimum when x3 = 2v
= x3 =2x2y

x =2y
Ory= %
depth of the tank is half of its width.
Show that the height of a closed right circular cylinder
of given surface and maximum volume is equal to the
diameter of the base.
ANS:
Let r be radius of base and h be the height of a given

cylinder

Given S=2mrh + 2mr2= h= 212
2nr
Volume of cylinder V = 7r2h = 112 [s— 2T[‘r'2]
2nr

\Y, :% [Sr — 2mr3]
v 1

R _ 2
. 2[5 6mr~]
T-0= 2[s—6nr2]=0
dr 2
S
>r= |=
61T
av 1 _
F —E(—12nr) = —6nr

d?v S S
—atr = /—z—énx /—<0
dar 6T 61T

NN
N
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volume is Maximum for

[s . s
r= |[= squaring, r*=—>6nr’=S
61 61

6nr’ =2nrh+ 2nr’ = 2r’=rh = h = 2r

Hence, height of the cylinder is equal to the diameter of
the base

Prove that, the radius of the right circular cylinder of
greatest curved surface which can be inscribed in a
given cone, is half of that of the cone.

ANS :

ANS: Let x be radius of the base and y be height of a
cylinder enclosed in a given cone of base radius r and
height h..

Curved surface of cylinder, C=2mxy .....(I)
C= 2mxy....(I)

X _hy =2 (h = v) —(ii

—=— :>x—h(h y) --=(ii)

C= 27t.£(hy —y?)

ac r ac r _
E—ZTI.ZUI—Z}I), E—O zZnE(h—Zy)—O
h
d*c _ 2mr _h
ﬁd—yz—TX—2<0fOTy—2
r h r h
x=5(h-3)=3 %3
r
x ==

2

Of all the closed right circular cylindrical cans of volume 128w ¢m3, find the dimensions of the can

which has the minimum surface area.
ANS :
Let r be radius of base and h be the height of a closed right
circular cylinder of volume 128w cm3,
V=nr’h = 128n__ (i)
__128m

> h=

2
i 1287
S =2nrh + 2nr?S = 2nr. —+ 2nr?S

r
2561 dS —256m
=—— 4 2r?—= + 4nr
T dr r2

as —2567
—=0= +4nr =0
dr r2

@

!
i

)

I
V)




51

52

256w

= 4nr = —;
T
r’=64 2r=4
dS_—256TL' 4
E_ 2 + 4ntr
sz_ 5127‘[+4 N
dr2 r3 T
d*S 5127w
d?atr=4=— B +47 <0

Hence, for r = 4, surface area is minimum

1287 = n(4)’h = h = 8 [from (i)] Hence,r=4cmandh=8

cm, for minimum surface area.

Show that the right circular cylinder of given volume open at the top has minimum total surface area,

provided its height is equal to radius of its base.
ANS: V= mr?h = h = —

nr?

S =2nrh + mr? (open)

v
S=2nr. —+mnr? |
nr

2v
S=—+mr?

I |h

as _ -2v
;—r—2+27'[7" r
L=0> Z+2mr=
Zm"zi—‘;:» r=V/r

ds =2V

E= 2 + 2nr

d’s 4V

ﬁ_ T—3+2T[
a’s .3 _ _
2 atr =V/r= V/n+2n>0

Surface area is minimum when 73 =V /m

V= nr’h= nr3
h=r
Height is equal to radius of its base.
Show that the semi-vertical angle of the cone of maximum volume and of given slant height is tan='v/2
Show that the height of the cylinder of maximum volume that can be inscribed in a sphere of radius R is

2R . .
= Also find the maximum volume.



ANS: Let x be radius of base and y height of a cylinder which is
inscribed in a sphere of radius R.

By Pythagoras theorem, (2x)? + y? = (2r)?
4R? — y?
4X2 + yZ = 4R2V = anyV = my T

=7 (4R*y —y*)

av T

—=—4R2— 2
& 4( 3y°)
av _ T2 a2y
dy—O =>4(4R 3y ) =0
3y? = 4 R?
_2R
N
dZV_—37Ty<0 _ 2R
dyz_ > fory—\/§

Now putting the value of y in eq. (ii), we get Maximum volume

41T
T CUbIC unit

A square piece of tin of side 18 cm is to be made into a box without top by cutting a square from each
corner and folding up the flaps to form a box. What should be the side of the square to be cut off so that
the volume of the box is maximum? Also find the maximum volume

ANS :Volume of the box, V = (18 — 2x)? . x,

where X is the side of the square cut off from each corner.
(I1=18-2x,b=18-2x, h=x)
V =(18- 2x)2. x

= (18- 2x)" + x. 2(18 - 2x) (= 2) = (18- 2x) (18- 6x)

=0 = (18- 2x)(18- 6x) = 0
>x=9 x=3 (x = 9 discarded)
d—V (18 - 2x) (-6) + (18 - 6x) (-2)

ZZTZ at x = 3 is (18 — 6) (-6) + 0 =72 < 0. Hence, volume is
maximum forx =3
Maximum volume = (18 — 6)* x 3 = 432 m3



18 cm

18 cm

54 A wire of length 36 cm is cut into two pieces. One of the pieces is turned in the form of a square and the
other in the form of an equilateral triangle. Find the length of each piece so that the sum of the areas of the
two be minimum.

Xcm

36 cm

Side =(36- x)14

Side =x/3= a
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A rectangle is inscribed in a semi- circle of radius r with one of its sides on the diameter of the semi- circle

.find the dimensions of the rectangle, so that its area is maximum. Also find the maximum area.
Let x and y be the sides of the rectangle

2 2
@)+t =rio 5 o
Areaof rectangle A=xy A% = x?y?

Let Z =A% = x?%y?
2
Z=x?*(r? —xz)

4

X

Z =x*r>—=—
4

dz
— =2r?x —x3.
dx

dz
—=0> 2r’x —x3=0
dx
= x(2r2—-x?)=0, x¢0,x2=2r2:x=\ﬁr
d*Z

ﬁatx=\/2—r <0

x
Maximum area = A = xy =\/;r /(r2—§)=r2

1

A D C x2 G B

m
M

A window has the shape of a rectangle surmounted by an equilateral triangle. If the perimeter of the
window is 12 m, find the dimensions of the rectangle that will produce the largest area of the window.
Let x m be the side of the

equilateral triangle, and

y m. be the length of the

rectangle.

Perimeter of the window

=3x+ 2y =12

_12-3x

=Yy >

3x2
Area of the window , A=xy + ‘/:

A=x (12;3x) + \/;xz 3 (12x—3x2) N \[;xz

4 2 4




dA _ 1 \/;x
3—5(12—6x)+7

3x
d—A:0=>1(12—6x)+£:o
dx 2 2

(6—3x)+@:0

12—6x+\/§x=0

57

T 6—V3dx

3x
=== (12—6x)+L

2

a4 3+‘/;<0

dx? 2 1
A is maximum when x = ——
6—V3
_12-3x . 49 _av_1o_ 36 _ 72-12J3-36
=——ie. 2y =12-3x=12 3 P
_ 18-6v3 _ 12
o3 X T o3
An open box with a square base is to be made of a given quantity of metal sheet of area c*. Show that the
3
maximum volume of the box is — .
6V3
c?
X h ﬁh““mﬁk
X

ANS: Let the length, breadth and height of open box with square base be x, x and h unit respectively. If

V be the volume of box then V=x.x. h

= V=x2h (i)
Also ?= x2 + 4xh
&% — %>
= h=
4x
Putting it in (i) we get
Bl 9 5 8 3
el B EN, |, g B
4x 4 4
Differentiating w.r.t. x we get
dv_c® 3
dx 4 4

Now for maxima or minima

v _,
dx
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= € -2 0 = =
4 4 4 4
-9
— D =y —
3 J3
Now d*v a2
" dx 4 2
d*v e B8 oo
dx? - 23
=03
Hence, for x = —— volume of box is maximum. 2 ¢?
V3 " E 3 - 2¢% _J3 -
hzcz ~ x2 4-€ 3 4c 23
4x w/_j
Therefore maximum volume = x2.h
c? ¢ _ ¢3
3 243 643

If the length of three sides of a trapezium other than the base are equal to 10 cm, then find the maximum

area of the trapezium.
10

D C

10

ANS: A x 0
Let DO =h

A= h(a+b)

h? = 102 — x2

AD = DC = BC =10 cm.
Let AO=NB =xcm.

Area(A) = % (AB+DC).DO
=%<10 +2x+10) {100 - x?

A=(x+10) {100 - x*

Differentiating w.r.t. x, we get

f{{i =(x+ 10).;(—2.1-) +4100- X% 1

s 2,100 - x*

—x(x+10)+(100-x%) -2x¢% ~10x+100
3 2 3 2
100 - x* J100 - x*




4 A
. : aA
For maximum area, — =1

d

4 2 +10x-100=0 or x* +5x-50=0
= (x+10)(x=5) =0 - r=5-10
= 1‘75

Now again differentiating w.r.t. x, we get
frey 22 " L ie (-2x)
\‘mu-r (=dx =10) = (=2x* = 10x + 100) . —

dA 2,/100- 2

dx* (100 = x*)

Forx=5

24 (J100-25(-20-10)-0 |75(-30)
it = <\

dy? (100 - 25) 75

- For x=5, area is maximum

Apax =(5+10) 100 - 25 em? [Using equation (7)]

|

— 2

I cinne ' ] 2
=154J75 cm” =75y

m

=)
(9%

59  Tangent to the circle x* + y? = 4 at any point on it in the first quadrant makes intercepts OA and OB on x
and y-axes respectively, O being the centre of the circle. Find the minimum value of (OA + OB).

N

- 0] | ___//

60 Show that the rectangle of maximum area that can be inscribed in a circle is a square.

61 Show that the altitude of a right circular cone of maximum volume that can be inscribed in a sphere of
radius R is %

62 A window is in the form of a rectangle surmounted by a semicircular opening. The total perimeter of the
window is 10 metres. Find the dimensions of the window so as to admit maximum light through the whole
opening.

ANS: 22 , 10

n+4 m+4 . . . .
ANS:Let x and y be the length and width of rectangle part of window respectively. Let A be the opening
area of window which admit Light. Obviously, for admitting the maximum light through the opening, A
must be maximum.
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m

A = Area of rectangle + Area of semi-circle

HOME WORK
1. A wire of length 28 metres is to be cut into two pieces. One of the pieces is to be made into a circle and
the other into a square. What should be the length of the two pieces so that the combined area of the

. . .. 28 112
square and the circle is minimum? ANS: = =2
441 4+T

2. Show that the volume of the greatest cylinder which can be inscribed in a cone of height h and semi-
vertical angle 30° is :—Zh3.

3. Find the volume of the largest cylinder that can be inscribed in a sphere of radius r.

4. A tank with rectangular base and rectangular sides, open at the top is to be constructed so that its depth
is 2 m and volume is 8 m3 . If building of tank costs Rs. 70 per sg. metre for the base and Rs. 45 per sg.

metre for sides, what is the cost of least expensive tank?
ANS: Rs. 1000

5. Show that height of the cylinder of greatest volume which can be inscribed in a right circular cone of
height h and semi vertical angle a is one-third that of the cone and the greatest volume of cylinder is

24—77Th3tan2a.

6. Show that the altitude of the right circular cone of maximum volume that can be inscribed in a sphere of
radius R is ? .

7. Show that the right-circular cone of least curved surface and given volume has an altitude equal to V2
times the radius of the base.

8. Show that of all the rectangles of given area, the square has the smallest perimeter.

If the tangent to the curve y = x3 + ax + b, at P(1,—6) is parallel to the line y —x = 5 , find the
values of and b .

ANS: y=x3+ax+b,2—z=3x2+a
dy _

aatP(l,—i)—3+a )

y—x=5 ,—y=1, 3+a=1=>a=-2

dx
(1,—6)lieonthecurvey = x3+ax+b

a+b= -7 solve,b=-5
Find the local maximum and local minimum values of the function

f(x) = sinx +%c052x, 0<x< g
f(x) = sinx +§c052x, 0<x <§
f'(x) = cosx +§ (—2sin2x) = cosx — sin2x

f'(x) =0 then
cosx —sin2x =0
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cosx(1—2sinx) =0 cosx=0,sinx=% X = g,g
f"(x) = —sinx — 2 cos2x

nm(ry = _3

f (6)_ 2<0

3
Local max. value = = at%

m T\ _ H — i
f (5) =1>0 |, Local min.value =1/2 at >

An open rectangular tank , with a square base and vertical sides, is to be constructed of metal sheet to hold
a given quantity of water as shown below:

Based on the above information answer the following
1) If x represents the side of the square base and y represents the depth of the tank, then the volume V of
the tank in terms of x and y is

a) V= x%y b) V =xy C)V =x2y? d) xy?
i) Let S be the area of the metal sheet required to construct the tank, then
a) S=2x*+xy b) S=x*+xy c) § = 5x2 d) S = x?+4xy
iii) The area of the metal sheet S expressed as a function of x is
a) S= x?+= b) S=2x2+= ¢ S=x2+=  d) S= 222+
iv) The area of the metal sheet S will be minimum when x =

1 2 1
a) Vs b) V= c) (2V)s d) 2V
V) Cost of the metal will be least when the depth (y) is__
a) x b)g ) x d) 2x
ANS:i) a) V= x%y i) d)S = x?+4xy

1
iii) c) §S= x%+ 4x—V iv) ¢) (2V)3 V) b)g

A closed right circular cylinder has volume 2156 cubic units. What should be the radius of the base so that
its total surface area may be minimum?

ANS: V=n1%h

S=2nrh + 2 r?
= S = 2nr (2156) + mr?
T

1,2
4312 44
g= B2 | M2
T
das
—=0= r=7
dr
d?s
— >0
dr?

A window is in the form of a rectangle surmounted by a semicircular opening. The total perimeter P of the
window is 10 metres. We have to find the dimensions of the window so as to admit maximum light
through the whole opening.

Based on the above information answer the following:



1) Let x be side of a rectangle and r be the radius of semicircle. Then Perimeter P =
a) 4x+2r+ar Db) 2x + 2r + 7r C) 2x + 4r + mr d)2x + r + 2mr

i) To admit maximum possible light, area of window should be maximum. Let A be the area of the
window, then

a) A= mr?+42xr b) A=%m‘2+4xr C)A=%m‘2+2xr d)A=%nr2+xr

dA _ _
i) If E_O = r=

10 5 20 10
e b) 7% ) e 9 =
iv) Dimensions of the rectangle are and
10 5 20 5 20 5 10 20
) raen b) o wn ) i ) e aen
aza _
drz =
a) (4+m) b) —(4 + ) c) (4—m) d—-(4—-mn)
ANS:i) b) 2x + 2r + 7r ii)c) A= % nr? + 2xr
10 - 10 20
i) a) pyp iv) d) T V) b)—(4+mn)



